A t-cover of a quadric Q is a set C of t-dimensional subspaces contained in Q such that every point of Q belongs to at least one element of C.
Introduction
Let Q be a quadric. A spread in Q is a set S of generators of Q such that each point of Q is contained in exactly one element of S.
If Q = Q + (5, q) is the Klein quadric, then there are no three planes that are mutually disjoint, hence there is no spread. So the natural question arises what are the sets of planes on Q being closest to a spread. This leads to the following definitions: Definition 1.1 (a) A t-cover of a quadric Q is a set C of t-dimensional subspaces contained in Q such that each point of Q is contained in at least one element of C. If t = 1, we speak also of a line cover, if t = 2, we speak of a plane cover.
(b) A partial t-spread is a set S of t-dimensional subspaces contained in Q such that each point of Q is contained in at most one element of Q.
In Section 2 of the present paper, we determine the 2-covers of the Klein quadric having minimum size.
In Section 3, we give a lower bound for the size of a 1-cover of the Klein quadric, and we give examples reaching that bound. Similarly, we construct large partial 1-spreads on the Klein quadric.
These results contribute to the study of blocking sets, spreads and covers in polar spaces, discussed by Metsch [4] . The analogous question for covers of projective spaces has already been answered (cf. [2] ). We also remark that the results regarding the covers and the partial 1-spreads of the Klein quadric have an equivalent meaning as result in PG(3, q) by using the Klein correspondence. In fact, a lot of the proofs are given by solving these equivalent problems in PG(3, q).
Minimal plane covers of the Klein quadric
A plane cover of Q + (5, q) corresponds via the Klein correspondence [3] to a cover of lines of PG(3, q) by planes and points, i.e. a set of planes and points such that each line of PG(3, q) is either contained in one of the planes or contains one of the points.
Remark 2.1 If a cover C of lines of PG(3, q) by planes and points contains only planes or only points, then the Theorem of Bose and Burton [1] states that |C| ≥ q 2 + q + 1 with equality if and only if C is either the set of points in a plane or the set of planes through a point. Example 2.2 Let E be a plane of P = PG(3, q) and P be a point of E. Let l 1 , . . . , l q+1 be the lines of E through P . Choose k ∈ {1, . . . , q}. Let C 1 be the set of points, different from P , on the lines l 1 , . . . , l k . Let C 2 be the set of planes, different from E, through one of the lines l k+1 , . . . , l q+1 . Then the set C = C 1 ∪ C 2 is a cover of lines of P of size q(q + 1).
We shall now show that a cover of lines of PG(3, q) by points and planes has at least q(q + 1) elements and that the given example is the only example where equality holds. From this follows the same lower bound for the size of a plane cover of Q + (5, q).
Theorem 2.3 Let C be a cover of lines of P = PG(3, q) by points and planes, that is, C = C 1 ∪ C 2 , where C 1 is a set of points and C 2 is a set of planes of P such that each line of P either is contained in a plane of C 2 or contains a point of C 1 . Then |C| ≥ q 2 + q.
Furthermore, if |C| = q 2 + q, then C is a set of points and planes as in Example 2.2.
Proof: Suppose that |C| ≤ q 2 + q. Let C 1 be the set of points of C and C 2 be the set of planes of C. From Remark 2.1 we see that neither C 1 nor C 2 are empty.
We prove in a series of steps that C is a set as in Example 2.2. Note that our assumptions are self-dual, whence from each result we get immediately the dual result (interchanging C 1 and C 2 ).
Step 1: Each point of P \ C 1 is contained in a plane of C 2 .
Suppose that the point P ∈ P \ C 1 is not contained in a plane of C 2 . Then every line through P must contain a point of C 1 . Hence |C 1 | ≥ q 2 + q + 1, a contradiction.
Step 2: If there is a point P ∈ P \ C 1 contained in at most k planes of C 2 , then |C 2 | ≤ kq.
The planes of C 2 through P cover at most q + 1 + (k − 1)q lines through P . So at least q 2 − (k − 1)q lines through P contain a point of C 1 . Hence
Step 3:
Suppose on the contrary that
Hence there is a point of P \ C 1 which is covered at most k − 1 times by the planes of C 2 . By Step 2, |C 2 | ≤ (k − 1)q, in contradiction to the assumption.
Step 4:
This follows from the dual of Step 3 when substituting k by q + 2 − k.
Step 5: If |C| = q 2 + q, then one of the following statements holds:
(a) Both |C 1 | and |C 2 | are multiples of q.
(b) There is an integer k such that
Suppose that (a) does not hold. Then there is an integer k such that (k − 1)q < |C 2 | < kq.
From
Step 3, we conclude that
Step 6: Case (b) of Step 5 cannot occur.
We assume the contrary. Then |P \ C 1 | = q 3 + 2 + kq − k. These points must each lie in at least k elements of C 2 (Step 2), hence
, whence q = 2 and k = 2. This contradicts ( * ).
Step 7: |C| = q 2 + q.
Otherwise we could add some points or planes to get a set C ′ with |C ′ | = q 2 + q and |C ′ 1 | not a multiple of q, in contradiction to the previous steps.
Note that this step finishes the proof of the bound of |C|. We continue with the characterization. From now on we assume that |C 2 | = kq and |C 1 | = (q + 1 − k)q, where k ∈ {1, . . . , q}. Note that Step 2 implies that every point of P \ C 1 lies in at least k planes of C 2 and that every plane not in C 2 contains at least q + 1 − k points of C 1 .
Step 8: If a point P ∈ P \ C 1 lies on at most k planes of C 2 , then these k planes contain a common line.
There are q 2 + q + 1 lines through P . At most (q + 1 − k)q of them contain a point of C 1 , hence the planes of C 2 through P must cover the other q + 1 + (k − 1)q lines through P . From this the assertion follows.
Step 9: Let E be a plane not in C 2 . If E contains a line l not containing points of C 1 such that l is contained in exactly one element of C 2 , then E contains exactly q + 1 − k collinear points of C 1 . Otherwise E contains at least q + 1 − k/2 points of C 1 .
Suppose first that E contains a line l not containing points of C 1 and which is contained in exactly one element E ′ ∈ C 2 . Each plane through l except E ′ contains at least q + 1 − k points of C 1 with equality only if they are collinear (dual of Step 8). From |C 1 | = q(q+1−k), we see that all these planes, including E, contain exactly q + 1 − k collinear points of C 1 .
Suppose now that any line of E either contains a point of C 1 or is contained in at least two planes of C 2 . As |C 2 | = kq, at least q 2 + q + 1 − kq/2 lines of E must contain a point of C 1 . Hence E contains at least q + 1 − k 2 points of C 1 .
Step 10: If P ∈ C 1 and E ∈ C 2 , then P ∈ E.
Suppose on the contrary that P ∈ E. According to Step 7, C is minimal, hence there is a line l ∈ E which is not contained in another element of C 2 and does not contain a point of C 1 . Each plane through l except E contains at least q + 1 − k points of C 1 (Step 9). Hence |C 1 | ≥ q(q + 1 − k) + 1, which is a contradiction.
Step 11: Let E be a plane of C 2 . Then E contains at least two points each contained in exactly k planes of C 2 . Furthermore, there are two lines in E each contained in exactly k planes of C 2 .
The kq − 1 planes of C 2 \ {E} can cover at most (kq − 1)(q + 1) < k(q 2 + q + 1) points of E, counted with multiplicity. Since each point of E lies on at least k planes of C 2 (Steps 10 and 2), there is a point of E which lies on exactly k planes of C 2 , which intersect in a line l of E (Step 8). From (kq − k)q < kq 2 , we see that there is a point of E \ l that is on exactly k planes of C 2 . These planes again contain a common line of E.
Step 12: Let l be a line containing at least two, but not exactly q + 1 − k points of C 1 . If l ′ is a line contained in exactly k planes of C 2 , then l ′ and l intersect.
If l and l ′ do not intersect, then the k planes of C 2 through l ′ intersect l in k distinct points. The k(q + 1) lines through these points in these planes cannot be all contained in a second plane of C 2 . (Two such planes cannot coincide because of Step 10, and |C 2 | = kq.) Let l ′′ be such a line contained in only one element E of C 2 . By Step 9, the plane l, l ′′ contains exactly q + 1 − k collinear points of C 1 . This contradicts the choice of l.
Step 13: Suppose that there are two lines of P each containing neither 0, 1 nor q + 1 − k points of C 1 . Then all lines with this property go through a common point P , and all planes of C 2 contain P .
Let l, l ′ be two such lines, and let E ∈ C 2 . By
Step
Step 10), the lines l, l ′ , m, m ′ must go through a common point. From this the assertion follows.
Hence one of these lines contains q points of C 1 and all the others contain q + 1 − k points of C 1 . For k = 1,
Step 10, it is immediate that this case is Example 2.2.
Step 15: If all points of C 1 are contained in a common plane E, then C is as in Example 2.2.
According to
Step 14, the (q +1−k)q points of C 1 partition into q +1−k sets of q collinear points. These q + 1 − k lines l k+1 , . . . , l q+1 must intersect in a point P being the only point of these lines not in C 1 . The kq planes of C 2 must intersect E in lines disjoint to C 1 , hence in the remaining lines l 1 , . . . , l k through P . Thus we have the situation of Example 2.2.
Step 16: If there are two lines containing a number of points of C 1 different from 0, 1 and q + 1 − k, then C is as in Example 2.2.
Step 13, all planes of C 2 go through a common point. By the dual of
Step 15, we have the situation of Example 2.2.
Step 17:
, then C is as in Example 2.2.
Because of
So each point of C 1 is contained in a line with neither 1 nor q + 1 − k points of C 1 . The assertion follows from Step 16.
Step 18: If k = q, then C is as in Example 2.2. If k = q, then the set C 1 contains exactly q points. If these are collinear, then the assertion follows from Step 15. Otherwise there are two lines containing more than one point of C 1 , and the assertion follows from Step 16.
Step 19: If q = 3, then C is as in Example 2.2.
Suppose that the assertion is wrong. From Steps 17 and 18 and their duals, we see that k = q+1 2
. In particular, q is odd, i.e. q ≥ 5. From
Step 16 we see that there is at most one line of P containing a number of points of C 1 different from 0, 1, k.
Suppose that there is a line l containing j ∈ {0, 1, k} points of C 1 . Considering the lines through a point of C 1 ∩ l, we see that k − 1 divides kq − j, whence j = q. A plane E containing l and a point P ∈ C 1 \ l contains at least 1 +
points of C 1 (counting the points of C 1 on lines through P ). Since C 1 is not coplanar (Step 15), there is a point Q ∈ C 1 not in E. Counting the points of C 1 on lines through Q, we see that
, which contradicts
Suppose now that all lines of P contain 0, 1 or k points of C 1 . As in the previous case, we see that a plane containing three linearly independent points of C 1 contains at least 1 +
points of C 1 , hence
. This is only possible if q ≤ 5, i.e. q = 5. In this case we have equality, and the points of C 1 form an embedding of PG(3, 2) into PG(3, 5). However, PG(3, 5) does not contain a Fano plane.
Step 20: If q = 3, then C is as in Example 2.2.
Suppose that the assertion is wrong. From Step 18 and its dual, we see that k = 2. From
Step 16 we see that there is at most one line of P containing more than two points of C 1 . Because of
Step 10, such a line contains at most 3 points of C 1 .
The number of lines containing a point of C 1 is at most 13 + 12 + 12 + 10 + 9 + 8 = 64 (counting first the lines through the three collinear points, if these exist). Dually, the number of lines contained in a plane of C 2 is at most 64. Hence C covers at most 128 lines of P. However, P contains 130 lines, which gives a contradiction.
This proves the final part of the theorem. 2 Corollary 2.4 Let C be a plane cover of Q + (5, q). Then |C| ≥ q 2 + q with equality if and only if C is constructed as in Example 2.2 via the Klein correspondence.
Minimal line covers of the Klein quadric
Having solved the extremal problem for plane covers of Q = Q + (5, q), we now proceed to line covers of Q.
We suppose Q to be embedded in P = PG(5, q). If we have a line cover C of Q, we define the excess of a point P ∈ Q to be the number of lines of C through P minus one. The excess of a point of P \ Q is defined as zero. Since C is a cover, all excesses are non-negative.
The excess of any point set of P is defined as the sum of the excesses of its points. A point with positive excess is called an excess point. In case of equality, we have one of the following possibilities:
(a) There is only one excess point having excess 2q.
(b) There are exactly two excess points each having excess q.
(c) q = 2, and there are four single excess points, namely the points of two intersecting lines except their intersection point.
Proof: Since Q has exactly (q 2 + 1)(q 2 + q + 1) points, the line cover C must have at least
Suppose that C has q 3 + 2q + ε elements. Then the total excess of Q is (q 3 + 2q + ε)(q + 1) − (q 2 + 1)(q 2 + q + 1) = q − 1 + ε(q + 1). The excess of any hyperplane of P is congruent to (q 3 + 2q + ε) − 1 ≡ ε − 1 (mod q).
Suppose that ε = 0. Then the excess of any hyperplane is congruent to q − 1 (mod q), hence it is at least q − 1. On the other hand, the total excess of Q is q − 1. Hence every excess point must be contained in every hyperplane, which is nonsense. Thus ε ≥ 1, which proves the lower bound of |C|.
Suppose for the remainder of the proof that we have equality, i.e. ε = 1. Then the total excess of Q is 2q, and the excess of any hyperplane of P is a multiple of q, i.e. 0, q or 2q.
Step 1: Through any excess point, there is a three-dimensional subspace of P containing no other excess point.
Let P be an excess point. As there are q 4 + q 3 + q 2 + q + 1 lines through P , but at most 2q − 1 excess points different from P , there is a line l through P having no further excess point. Similarly, there is a plane E through P having no further excess point and a three-space S through E having no further excess point.
Step 2: There is no excess point with an excess ε, where 0 < ε < q, unless we have case (c).
Suppose that the point P has excess ε, and take a three-space S through P as in Step 1. Each hyperplane through S has excess at least q, so we get for the total excess 2q ≥ ε + (q + 1)(q − ε), from which follows ε ≥ q − 1. If ε = q − 1, then there must be q + 1 points of excess 1, whence 1 = ε ′ ≥ q − 1, i.e. q = 2, in which case we have four excess points of excess 1, which leads to case (c).
Step 3: There is no excess point with an excess ε, where q < ε < 2q.
By the same argument as in the previous step, we get 2q ≥ ε + (q + 1)(2q − ε), which leads to the contradiction ε ≥ 2q.
¿From Step 2 and Step 3, we see that each point has excess 0, q or 2q, from which the assertion follows.
2
We give two examples where equality holds. In both examples, we construct a partial line spread of Q covering all points of Q except the points of two planes. If we add the lines of two pencils of these planes to the partial line spread, then we get a line cover of size q 3 + 2q + 1.
Example 3.2
We use the Klein correspondence between Q and P ′ = PG(3, q).
Let π be an elliptic polarity of P ′ , and let P be a singular point of π. For any plane E of P ′ not through P , let E * be the intersection point of the line P, π(E) with E. Let p(E) be the pencil of lines in E through E * . This pencil corresponds to a line of Q. We shall show that these pencils are disjoint and cover all the lines of P ′ which are neither incident with P nor with π(P ). This means that the corresponding set of lines of Q is a partial line spread covering all points except of the set of points of two planes intersecting in a line.
Since we considered only planes E missing P , the pencil p(E) contains no line through P . As π(E) ∈ π(P ), we have E * ∈ π(P ), whence the pencil p(E) contains no line of π(P ). We have to show that each line l of P ′ not through P and not in π(P ) is contained in exactly one pencil p(E).
Consider the q + 1 planes E 0 , . . . , E q through l, where E 0 = l, P . The points π(E 0 ),. . . , π(E q ) are just the points on the line π(l). If E 0 contained π(l), then Q = l ∩ π(l) would be a singular point of π with π(Q) = E 0 ∋ P . Then Q, P would be a singular line of π, which does not exist, because π is elliptic. Hence E 0 intersects π(l) in a point R. The plane E = π(R) is the unique plane through l with the property that the line P, π(E) intersects l. Hence p(E) is the unique pencil containing l, provided that E does not contain P . However, if P ∈ E, then E = E 0 , whence P, R would be a singular line of π, which is not possible. Example 3.3 Suppose that q is even, q is an odd prime or q ≡ 0 or 2 (mod 3). Then there exists a (plane) spread S of the parabolic quadric Q(6, q) (see e.g. [4, Section 6]).
Let Q = Q + (5, q) be a hyperplane section of Q(6, q). Then a counting argument shows that Q contains exactly two planes of S and intersects the other planes of S in lines. These lines form a partial spread of Q + (5, q) covering all points except the points of two disjoint planes. Proof: According to Example 3.2, there exists a partial line spread S of Q = Q + (5, q) covering all points except the points of two planes E 1 , E 2 intersecting in a line l.
Let P 1 , P 2 be two points of l. If we extend S by all lines through P 1 contained in E 1 or E 2 , then we get a line cover as in case (a) of Theorem 3.1. If we extend S by all lines through P 1 in E 1 and all lines through P 2 in E 2 , then we get a line cover as in case (b) of Theorem 3.1. If q = 2, then l contains only three points P 1 , P 2 , P 3 . If we extend S by the two lines of P 1 in E 1 (except the line l), the two lines of P 2 in E 2 and any line in E 2 through P 3 , we get a line cover as in case (c) of Theorem 3.1.
Remark 3.5 Example 3.2 shows also that there exist maximal partial line spreads of Q + (5, q) of sizes q 3 + 1 and q 3 + 2. To the q 3 lines arising from the partial spread S, we can either add the intersection line l of E 1 and E 2 or two skew lines in E 1 ∪ E 2 . The question arises whether q 3 + 2 is the maximal size for a partial line spread of Q + (5, q). A direct counting argument yields only a bound of q 3 + q, where in case of equality the set of points not covered must be an ovoid. This is proved in the following theorem. We note that a hole of a partial line spread S of Q + (5, q) is a point of this quadric not lying on a line of S. Theorem 3.6 A partial line spread of Q + (5, q) has at most size q 3 + q. If such a partial line spread of Q + (5, q) of size q 3 + q exists, then the set of holes is an elliptic quadric contained in Q + (5, q).
Proof: Let S be a partial line spread of size q 3 + q of Q + (5, q). A hyperplane shares 1 (mod q) points with Q + (5, q). Since S has size q 3 + q, the number of holes in a hyperplane is always 1 (mod q). Suppose that x i is the number of holes in the hyperplane π i , i = 1, . . . , θ 5 = (q 6 − 1)/(q − 1), of P G(5, q). Then
x i (x i − 1) + (q + 1)(q 2 + 1)
(x i − 1). Now replacing θ 6 i=1 x i (x i − 1)(x i − 2) by the lower bound stated above gives the equality 0 = 0. This all implies that the hyperplanes of P G(5, q) contain 1, q + 1 or q 2 + 1 holes, and that no three holes are collinear. Hence, the set of holes is an elliptic quadric.
The same argument implies that no partial line spreads of Q + (5, q) exist of size greater than q 3 + q. 2
